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1. The Tucker theorem in linear systems can produce a lot of useful 
corollaries and is indispensable in the analysis of linear economic models. 
The reader may refer to Koopmans③ ,Howe② ,Nikaido勺， 9〕etc.
Even in nonlinear programming, the Kuhn-Tucker theorem① depends on 
the Minkowski-Farkas lemma, which in turn is easily derived from the 
Tucker theorem. The original proof due to Tucker (1゚〕 ispurely algebraic 
and elementary (his THEOREM 1 in (1叩 p.8). Nikaido⑦ presented 
an interesting proof which utilized the Stiemke theorem. The proof by 
Nikaido in C,〕usesthe theory of closed convex cone, which is elegant but 
a litle sophisticated. 
2. In these proofs, optimization does not appear explicitly. Now it is 
well known that existence problems, separation theorems and optimization 
procedures are closely related in some of economic topics. We may refer to 
a series of proofs of the existence of von Neumann growth equilibrium. 
Another good example is that of Nikaido③ ,whose method of proof seems 
to be quite fruitful. In Morishima-Fujimoto⑤ ,the Kuhn-Tucker theorem 
is applied to a minimization problem to prove a nonlinear extension of the 
Frobenius theorem, avoiding the fixed-point theorems. 
* This note is a revision of my mimeo. (1〕．
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The proof in this note is performed through a simple minimization 
problem and is similar to that used by Morishima ((的 p.164) to prove 
the Minkowski-Farkas lemma. 
3. The Tucker theorem states: 
THEOREM Given any m X n real matrix A, the following two problems 
(i) and (ii) have at least one pair of solutions such that 
ぷ十p'A>Oand x;(p'A)i=O for all i. 
(i) find X such that Ax=O and x~o. 
(ii) find p such that p'A~O. 
In the theorem, x and p are a real n-column vector and a real m-column 
vector respectively, the prime indicating transposition. Subscripts i's are 
used to stand for the i-th element of respective vectors. The inequality 
signs are used in a usual sense. The above precise restatement of the 
Tucker theorem is found in Nikaido⑦ p. 126, C,〕p.37. 
4. Now here is a simple proof: 
PROOF If the problem (i) has a solution which is strictly positive, 
x>O, then put P=O and we have the desired result. 
Next, suppose that the problem (i) has no solution such that x>O. 
e minimum number of zero Then, there is a x =（ふ，……云n)which has th ・
element(s) among the solutions of (i). Write this minimum number as r 
and, without the loss of generality, we suppose 
み＝0 for l~j~r, and 
幻＞0 for r+l~j三n.
Of course, r may be equal to n, in which case there exists the zero solution 
only. Let 
(1) M=x'A'Ax. 
Now consider the following minimization problem. 
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Problem: Minimize M subject to Xj~O for each j, and 
(2) 正j=1.
j-1 
Note that the variables are x/s and that the summation (2) in the con-
straint ranges from j = 1 to r. 
Since the above problem is quadratic, it has a solution vector x*. It can 
be shown that the minimum value of M is positive, M*>O. For, if it is 
zero, Ax*= 0 and we can form a new vector x。＝云十x*,which satisfies 
Ax。=0,X。:2:0and has a less number of zero element(s) than云， thusa 
contradiction. Now we apply the Lagrange multiplier theorem with non-
negative variables. 
Form a Lagrangian function, 
L=M-1（区巧ー1).
j=l 
At the solution point x*, there can be found the multiplier value入＊ and
we have, 
(3J 2x*'A'A-入*e。こ0,
(4) 2x*'A'Ax* —入＊e。x*=O,
where e。=(1,.,1, 0,.,0), i.e. the first r element(s) are unity, others being 
zero. Using (1) and (2), the above equation (4) leads to 
2M* —入＊＝ o.
Thus, we find入＊ ispositive. Then, by putting p'= 2x*'A', it follows from 
(3) that p'A~O, where the first r elements are positive. Therefore, we 
obtain云'+P'A>O. Moreover, since Ax=O, the vector x*＋云 isagain a 
solution whose last n-r elements are strictly positive. Supposing x* is already 
such a solution, then from (3) and (4),（元A);=Ofor r+l~i印n. Thus, 
ふ（元'A);=Ofor al i. QED. 
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